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Abstract. Understanding the flow over rough surfaces is an important problem in fluids engi-
neering. Here, we present studies on turbulent flow over various roughness types. The rough
surfaces considered in this study were based on the k and d -type behaviour used to classify
the different roughness types. Previous results demonstrated that drag reduction can only be
achieved using d -type roughness arranged in the streamwise direction. This arrangement is
also known as flow over riblets. Obtaining an exact solution for such a problem is very chal-
lenging, therefore the problem was solved computationally using the finite element method. The
flow simulation cases considered for this study were; laminar, turbulent and fully turbulent. The
domain is represented by a channel flow with one sided profield roughness. Simulations were
carried out to study the k and d -type behaviour over transverse and streamwise roughness. We
were able to identify and benchmark the k and d -type behaviour for the flow over a transverse
surface. Some similarities between the transverse and the streamwise roughness were observed
in terms of k and d-type behaviour, mainly the production of stable vortices between the rough-
ness elements, but further research is required to fully identify and benchmark the k and d-type
behaviour in the flow over streamwise roughness.
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1 Introduction

One of the most important problems in fluids engineering is the turbulent flow over a rough
surface. This topic has been subject to numerous studies in diverse fields, such as aerodynamics
[4], [13], and hydrodynamics [1], [6]. Research shows that the flow over a surface fitted with
transverse rectangular ribs of varying height, width and spacing is often used as a simple model
to study roughness effects on friction factor and heat and mass transfer [2].

Early experimental studies led to a widely accepted correlation between roughness height
and the roughness function, namely the downward shift in the semi-log portion of the law of
wall. These results are now found in text books with similar correlations for different types of
roughness, see [3], [15] and [17]. By studying the turbulent boundary layer over a roughened
transverse surface researchers proposed to divide the roughness into two types: k and d -type
roughness. Cui [2] explains that the letter denotes the significant length scale that determines
the roughness function, velocity profile and friction factor. K - being the roughness height and
d- the boundary layer thickness, pipe diameter or channel height.

Using a rough surface with regularly spaced ribs, researchers went further to identify that a
demarcation between k- and d- type might be made at the pitch ratio w/k = 4 [2] and observed
the following: For d- type (w/k < 4) the roughness function is independent of the size of the
roughness. In this case the ribs are so closely spaced that stable vortices are set up in the
grooves, eddy shedding from the roughness element into the outer flow is relatively undisturbed
by the roughness element, making it independent of roughness height k. For k- type roughness
(w/k > 4) eddies with a length scale order of the roughness height are shed from the roughness
elements and penetrate into the bulk flow towards the channel centre, and the roughness function
and friction factor depend on the roughness height.

Most of the early experimental work studies just one or limited number of rib roughness
configurations and data was typically taken at only one location of the rib cycle. With time,
more attention was given to turbulence intensities, Reynolds shear stresses and flow variation
along the ribbed surface. An example for such experiment can be found in [5] where LDA
measurements were taken over a d- type rough wall and compared the results with that of a
smooth wall. In recent years, further research was carried out using numerical studies. Cui
[2] cites several numerical studies related to flow over rough surfaces. Most solve the RANS
equations with relatively simple turbulence model, plus, they do not explicitly calculate the
flow in the roughness layer. Instead, they rely on the law of the wall with specified roughness
function. Therefore, due to the limitations of the RANS models, researchers have been using
DNS for low Reynolds number [13],[18] and LES for high Reynolds number [2], but simple
models based on RANS are still widely used.

The studies focusing on the drag reduction properties of flow over rough surfaces have
demonstrated that despite the increase in wetted area, compared to a smooth wall, certain rough
walls are capable of reducing friction drag by up to 10 percent by arranging the rough elements
in the streamwise direction. This arrangement is widely known as flow over riblets. Despite
extensive research carried out in the topic, the mechanism through which riblets achieve net
drag reduction is still controversial [7].

A comprehensive literature review on the topic of drag reduction using riblets can be found
in [7] and [9]. These reviews suggest that the majority of research on this topic was carried out
to gain insight into the mechanism through which riblets achieve net drag reduction. Therefore,
several models found in literature focus on d -type roughness where (w/k < 4). However, a
recent paper [9] demonstrated the effects of riblet spacing on drag reduction. The authors argue
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that by varying the roughness from k to d -type the flow goes from drag increase (in the k -type
surface) to drag reduction (in d -type). These findings were similar to experimental work by
Djenadi [5] who studied the flow over a transverse surface and achieved modest drag reduction.
However, higher values of drag reduction were obtained using riblets due to the streamwise
arrangement of the rough surface.

In this paper we studied the laminar and turbulent flow over transverse and streawise rough
surfaces. The main objective behind this work was to study the so called k -type and d -type
behaviour of rough surfaces identified by [2] and [12] and its effects on the drag force. Sections
one and two include the mathematical formulation, outline the numerical method used in our
analysis and demonstrate the modelling of the rough surfaces. In the following two sections
the computational model and strategy are presented including the results from the grid indepen-
dence study and model validation plots. The results section includes data for wall pressure and
shear stress distribution for the different rough surfaces considered, drag components at a point
located in the middle of the channel and flow visualizations. The discussion is extended to the
limitation of the wall similarity hypothesis used to model turbulent flow and the implications of
using this hypothesis in our analysis.

2 Problem Formulation and Numerical Method

Consider a channel flow in the domain (Ω) with boundary conditions (Γ) as presented in
Fig.1. The boundaries are set to indicate: Γinlet as a normal velocity inflow type boundary,
Γoutlet as a pressure outflow and Γwall as a wall with no slip condition. In this problem we

Figure 1: Flow domain and boundary conditions

consider laminar and turbulent flow with fluid properties and operating conditions outlined in
Table.1. Note that the kinematic viscosity used is that of water. The flow domain (Ω) can be
represented by the basic forms of the Navier-Stokes equations as follows: where equations (1)
and (2) are the continuity and momentum equations:

∂ρ

∂t
+∇ · ρu = 0, (1)

3
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Flow Simulation Case Kinematic Viscosity (m2/s) Inlet Velocity, u0 (m/s) Inlet Re
Laminar 0.000001 0.00005 1.06
Turbulent 0.000001 1 28541

Fully Turbulent 0.000001 10 285410

Table 1: Fluid Properties and operating conditions

ρ
∂u
∂t

+ ρ(u · ∇)u = ∇ · [−pI + τ ] + F. (2)

Assuming the flow is incompressible and there are no body forces the equations could be written
in the following form:

∇ · u = 0, (3)
∂u
∂t

+ (u · ∇)u = ∇ · [−pI + ν(∇u + (∇u)T )]. (4)

With the following boundary conditions:

u = u0n on Γinlet,

u = 0 on Γwall,

pn + ν(∇u + (∇u)T ) = 0 on Γoutlet.
(5)

Where u0 is given in Table.1, the solution is obtained up to the additive constant for the
pressure field. Our pressure refernece is set to be p0 at the outlet point. The Finite Element
Method (FEM) for incompressible is used in this work. The general philosophy of the method
is outlined in [10] and symbolically summarized in formula (6). An approximate solution can
be obtained using a typical computational grid to represent the problem, presented in Fig.2.

(S)⇔ (W ) ≈ (G)⇔ (M). (6)

Formula (6) represents the sequence in which the FEM solves a typical partial differential prob-
lem, where (S) is the strong form, (W) is the weak form, (G) is the Galerkin form and (M) is
the matrix equivalent.

Simple representation of the solution can be obtained using the sum of so called basis func-
tions that are piecewise linear polynomials (uh,ph). The left hand side of formula (6) represents
the Partial Differential Equations (PDE’s) formulation of the problem and the right hand side
represents the approximate solution after discretization. In order to obtain the Galerkin weak
form the governing equations,(3) and (4), are first multiplied by sufficiently smooth test func-
tions (φ) and (ζ) and then integrated over the computational domain.

Employing the primitive variable FEM to the Galerkin weak form leads to the following
numerical problem:

4



Almajd A. Alhinai, Andrzej F. Nowakowski

Figure 2: mesh elements

Find (uh, ph) ∈ Vh ×Qh where Vh ⊂ V = [H1
0 (Ω)]3 and Qh ⊂ Q = L2

0(Ω)

are velocity and pressure spaces depending on the mesh parameter (h) such that:∫
Ω
{φ(

∂u
∂t

+ (u · ∇)u) + ν[∇u + (∇u)T ] : ∇φ− p∇φ}dΩ

=
∫

Γ
φ(−pn + ν[∇u + (∇u)T ] · n)dΓ ∀φ ∈ Vh ⊂ V. (7)

∫
Ω
ζ∇ · udΩ = 0 ∀ζ ∈ Qh ⊂ Q. (8)

The space of functions that are integrable over (Ω) is denoted by L2
0(Ω). Where the H1

0 (Ω)
consist of square integrable functions all of whose derivatives are also square integrals. The
test functions (φ,ζ) are chosen to be the same as the basis functions used for (uh,ph). In this
research tetrahedral elements accommodating the Galerkin discrete approximation are applied
as an approximation of the basis spaces for primitive variables. The adopted element involves
a piecewise continuous quadratic approximation of the velocities and piecewise constant ap-
proximation for pressure. From equation (8) the chosen approximation results in the discretely
solenoidal velocity field as follows:

0 =
∫

Ω
ζ∇ · udΩ =

∫
Ωe

ζ∇ · uhdΩ =
∫

Γe

n · uhds. (9)

The given approximations of uh and constant ph fields are subtituted into equations (7) and
(8). The operation results in the non linear algebraic system which can be written in a matrix
form as follows:

(
K(U) CT

C 0
)(

U
P

) = (
F
0

). (10)
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In this matrix U and P denote unknown subvectors. The coefficient sub-matrix K(U) repre-
sents the combined effects of advection and diffusion, C is the left hand side of the continu-
ity equation, CT represents the pressure gradient operator and vector F contains contributions
from the boundary conditions. In a fully coupled solution algorithm, these equations are ideally
solved using a direct matrix solution procedure. The nonlinear characteristics of these equations
require treating the problem using a Newton type solver to obtain an approximate solution.

3 Modelling Roughness

Following research by Cui [2] we consider the flow over three types of rough surfaces using
roughness elements of constant height but varying the spacing between the roughness elements,
as demonstrated in Fig.3. The roughness height was chosen to be just below 10 percent of the
channel height and the roughness spacing was varied based on the demarcation scheme used by
[2] to achieve the so called k- type and d- type behaviour. The computational mesh was created

Figure 3: Roughness Types

using a mixture of boundary layer mesh (around the the roughness elements and the upper wall)
and free triangular mesh for the bulk of the flow. The mesh around a single roughness element
is demonstrated in Fig.4 for laminar flow, a direct solution can be obtained without introducing

Figure 4: Mesh around single roughness element

further assumptions. However, obtaining a solution for turbulent flow required introducing
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the wall similarity hypothesis and a turbulence model. The turbulence model considered in
this study is the k-e standard model for low Re. Further information about the wall similarity
hypothesis and the k-e standard model can be found in numerous text books [3],[15] and [17] .

4 Computational model

The computational model used to carry out the simulations presented in this paper was a
developed application based on the commercial finite element multi physics package COMSOL.
This is a FEM software which approximates a PDE problem. All the equations and boundary
conditions formulated earlier, see section 2, were incorporated in this application.

Following Buckingham Pi theorem and non-dimensional analysis [20] for channel flow it
was evident that the flow depends on the aspect ratio of the channel and the flow Re. Therefore,
a channel with fixed dimensions of 2HxHxH was used throughout our analysis with various val-
ues of Re given above, Table.1. A schematic of the three dimensional flow domain is presented
in Fig.5. In our analysis we consider the flow over two rough plates with roughness arranged
in the transverse and streamwise direction. In order to capture the full flow it was necessary to
divide the domain into a roughness region and a wake region, see [19].

Figure 5: Schematic of 3D domain, streamwise roughness

The physics interfaces used in the simulations were laminar and turbulent flow. Both these
interfaces have the equations, boundary conditions and volume forces for modelling freely mov-
ing fluids using the Navier-Stokes equations and solving for the velocity field and pressure. The
Turbulent flow interface models turbulence using the standard k-e model together with wall
functions based on the wall similarity hypothesis.

Due to the approximate nature of the solution it was important to verify that the solution is
independent of the grid density. To ensure grid independence simulations were carried out using
varying grid densities. we started the simulations with a coarse unstructured mesh and further
simulations were carried out by gradually refining the mesh. Results for the velocity profile at
mid channel are given in Fig.6. The velocity profile obtained using a coarse mesh is almost
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identical to the profile obtained using fine mesh, therefore the solution obtained is independent
of the grid density.

Figure 6: Velocity profile at mid channel

5 Computational Strategy

Based on the formulation and modelling presented in the previous sections we consider
Model A and Model B, with varying roughness function along with the fluid properties and
the operating conditions outlined in Table.1. Several steady/unsteady simulations were carried
out for each model. Low Re simulations were carried out using a laminar solver, where high
Re simulations were carried out using turbulent solver with standard k-e turbulence model. Be-
fore obtaining results for the rough surfaces it was necessary to benchmark the plane channel
flow. The benchmark used in our analysis is the theoretical solution of a Poiseuille channel flow
found in [16] and demonstrated in Fig.7

5.1 Model A

Here we focused on modelling the flow over a transverse rough surface. The k-type and
d-type behaviour over transverse roughness has been verified by several authors [2],[11] and
[12]. Our transverse model was benchmarked with [2] and a comparison of values obtained
for the pressure and friction coefficient is presented in Table.2. The data in Table.2 is for the
fully turbulent case, results from literature are obtained from a LES where the present study
uses RANS model with standard k-e. As expected, solving this problem using RANS with k-e
turbulence model will tend to over predict the solution. Never the less the results obtained are

8
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Figure 7: Poiseuille flow validation

Cp(Literature) Cf (Literature) Cp(Present) Cf (Present)
0.0415 -0.0026 0.13 -0.025

Table 2: Pressure and friction coefficients compared to literature (transverse)

still in good agreement with the results in literature.

5.2 Model B

In this Model we considered the flow over a streamwise rough surface. Unlike model A,
there are a limited number of papers that study the k-type and d-type behaviour over riblets.
The majority of the papers study the drag reduction properties, however recent review on the
drag reduction over riblets [9] refers to k-type roughness as the drag increase region when con-
sidering roughness elements spacing. The authors demonstrate that by decreasing the roughness
spacing, moving from k-type to d-type, the flow over riblets will move from a drag increase to a
drag reduction region. Because this paper was intended as review in the topic it did not include
enough data to be used for benchmarking our model. Model B was benchmarked with a recent
study by [6]. It is important to note that this study used a slightly different formulation to sim-
ulate the flow over riblets. However, for comparison purposes the data presented in this study
were sufficient to benchmark our model as presented in Table.3

The data in Table.3 demonstrate that the data from our laminar model corresponds well with
DNS data obtained by [6]. The deviation of Cf can be attributed to modelling errors; this is
expected because of the different modelling procedures. In our model we are considering the
full flow, where the authors of the mentioned study focused on the viscous sub-layer portion of

9
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Cp(Literature) Cf (Literature) Cp(Present) Cf (Present)
0.32 0.12 0.35 0.018

Table 3: Pressure and friction coefficients compared to literature (streamwise)

the flow to get more accurate results for Cf .

6 Results

To identify the general characteristics for the flow over a transverse and a streamwise rough
surface, we studied the vortical structures over d-type transverse and streamwise roughness as
illustrated in Fig.8. These plots were obtained by visualizing the vorticity streamlines over the
roughened surface and the wake region. The results demonstrate that the vortical structures
produced by the transverse roughness are very unstable, this is evident in the presence of a large
separation area in the wake region. Streamwise roughness on the other hand produces stable
vortical structures, demonstrated by the attached flow profile of the vortical structure in the wake
region. These results confirm that a transverse surface will produce a detached flow leading to
adverse pressure gradients and a streamwise surface will produce an attached flow leading to
favourable pressure gradients. The flow over k-type and intermediate surfaces demonstrated
very similar characteristics.

Figure 8: Vortical Structures over transverse and streamwise d -type rough surfaces

To study the k-type and d-type behaviour in more detail we calculated the pressure and fric-
tion coefficients over the entire range of the rough surfaces considered in this study. These
coefficients were plotted using equations (11) and (12) and results were obtained for wall pres-
sure and shear stress distributions. These results are presented in the following subsections.

Cp =
P

0.5ρu2
in

. (11)

Cf =
τx

0.5ρu2
in

. (12)

6.1 Transverse roughness

First we considered Cp and Cf at a single point located between two rough elements, the
results are presented in Table.4. The results show very good correlation with the benchmark

10
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study discussed earlier [2]. As expected, the results for k-type show that the flow depends on
the roughness elements, demonstrated by the negative value of Cf . On the other hand, d-type
roughness was independent of the roughness element, as demonstrated by the similarity to the
smooth surface case, despite the increase in the vorticity magnitude. Similar observations were
made by [2]. Table.4 also shows that k-type has the lowest Cp value, this is due to the location

Roughness Type Vorticity(1/s) Pressure Coefficent Friction Coefficent
Plane 1169.5 0.13 0.012
k-type 3605.1 0.05 -0.018

Intermidiate 3712.2 0.13 -0.025
d-type 3952.9 0.13 0.011

Table 4: Drag Components and vorticity (transverse)

of the calculation point, not to be mistaken as a decrease in pressure drag. For better under-
standing we considered the wall pressure and shear stress distribution in the cavity between
two roughness elements in the x direction, following [2]. The results are presented in Fig.9
and Fig.10. The results for wall pressure distributions, Fig.9, demonstrate that by increasing

Figure 9: Wall Pressure Distribution between roughness elements (transverse)

the number of the roughness elements the magnitude of Cp drops as the size of the cavity de-
creases. The results also show that k -type roughness is dominated by negative value of Cp and

11
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sharp pressure fluctuations near the backface of the leading roughness element. Increasing the
number of roughness elements produces stable vortices within the cavity and Cp tends to zero.
This observation is also confirmed by [12] who argues that k-type behaviour is dominated by
Cp and d-type behaviour will produce a Cp close to zero. Wall shear stress distribution, Fig.10,

Figure 10: Wall Shear Stress Distribution between roughness elements (transverse)

demonstrates that the friction coefficient for the k-type and intermediate is almost zero along
the cavity, except for fluctuations near the back face of the leading roughness element. Similar
patterns hold for d-type roughness, however, the magnitude of Cf is reduced by two orders of
magnitude compared to k-type.

Overall, by studying the wall pressure and shear stress distribution between two roughness
elements we were able to identify the k-type and d-type behaviour for flow over transverse
roughness outlined by [2] and [12]. The k-type behaviour is dominated by large values ofCp that
tend to produce adverse pressure gradients due to the dependence on the roughness element. On
the other hand, d-type behaviour demonstrated that when the flow becomes independent of the
roughness element favourable pressure gradients are produced within the roughness elements,
minimizing the magnitude of Cp by an order of magnitude and reducing Cf two orders of
magnitude.

6.2 Streamwise roughness

Similar to the previous model results were obtained for roughness arranged in the streamwise
direction. The results obtained for Cp and Cf are presented in Table.5. It was difficult to bench-
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mark all the rough surfaces considered, however data from the smooth and d-type roughness
were benchmarked with the riblet model found in [8]. The results in Table.5 demonstrate that
by increasing the number of roughness elements in the streamwise direction decreases the value
of Cf by an order of magnitude compared to that of the smooth surface. This observation was
confirmed experimentally by [1] and numerically by [9] and [14]. Arguably, this observation
has a direct link to the drag reduction properties for flow over riblets. It was also observed that
d-type roughness has lower vorticity magnitude compared to k-type roughness. In the previous

Roughness Type Vorticity(1/s) Pressure Coefficent Friction Coefficent
Plane 618.8 0.37 0.01
k-type 2176.4 0.37 0.01

Intermidiate 2184.7 0.37 0.009
d-type 1339 0.36 0.007

Table 5: Drag Components and vorticity (streamwise)

subsection we plotted the wall pressure and shear stress distribution along the x direction of the
flow. Here, we consider the profile of Cp and Cf along a line that spans the depth of the chan-
nel,in the Y direction, and located at the tip of roughness element, following [8]. Results for

Figure 11: Wall Pressure Distribution between roughness elements (streamwise)

the wall pressure distribution, Fig.11, demonstrated that arranging the roughness in streamwise
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direction produces consistent values for Cp, compared to the transverse surface where k-type
has large values. This could be attributed to the elimination of vortex shedding that dominates
the flow over transverse roughness by arranging the roughness in the streamwise direction. It
was also observed from Fig.11 that for k-type behaviour the value of Cp drops to zero in the
cavity between the roughness elements and by increasing the number of roughness elements,
d-type behaviour, the value of Cp in the cavity between the roughness element is maintained at
a value with the same order of magnitude as Cf . Results for the wall shear stress distribution,

Figure 12: Wall Shear Stress Distribution between roughness elements (streamwise)

Fig.12, show that d-type roughness produces a Cf value an order of magnitude smaller than that
of the k-type. Comparing the results with the transverse surface it was evident that Cf is several
magnitudes higher for the streamwise roughness. This suggests that the flow over a transverse
surface is heavily dependent on Cp, where for a streawise surface the flow is dominated by the
balance between Cp and Cf . Overall, it was evident from the results, Fig.11 and Fig.12, that
k-type behaviour is dominated by Cp over the roughness elements and Cf over the cavity be-
tween the roughness elements. For d-type behaviour the dominance of Cp over the roughness
elements is still maintained, however the flow between the roughness elements is dominated by
a balance between Cp and Cf .

Comparing the k-type and d-type behaviour in transverse and streamwise roughness it was
evident that arrangement of the roughness element plays a major role in dictating these be-
haviours. In general, k-type behaviour produces adverse pressure gradients that lead to insta-
bility and therefore, is more likely to increase drag. The d-type behaviour produced favourable
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pressure gradients which leads to a more stable flow and hence will have a tendency to decrease
drag. For transverse surfaces drag reduction, compared to the smooth surface, was not achieved.
Flow over streamwise surfaces, however, demonstrated a two percent reduction in the friction
drag, Table.5.

7 Discussion

The results obtained for the fully turbulent flow are known to have higher modelling errors
compared to the results obtained for laminar flow. This is a result of introducing wall functions
and a turbulence model to solve the flow domain. The wall functions are used to introduce the
wall similarity hypothesis to calculate the velocity profile using the log-law. A major drawback
to using the log-law method is that the region close to the rough surfaces is assumed to be
inactive, see [3], and in the physical sense this not a true representation of the flow.

In our analysis we found that the viscous sub-layer model used by [8] approximates the drag
force around the roughness elements more accurately than the full flow model widely used in
literature. Despite the limitation to the laminar flow, the viscous sub-layer model proved to be a
simple yet efficient model in solving the complex three dimensional flow over riblets. However,
this model is relatively new and requires further research for it to be standardized.

The results for the k-type and d-type behaviour over the transverse surface was confirmed and
validated with literature, however further validation is required to confirm the k-type and d-type
behaviour over the streamwise surface. The results from our analysis demonstrate a general
trend found by [9] for flow over streawise roughness. It was observed that k-type behaviour
leads to increase in drag, where d-type behaviour has the tendency to decrease drag. To be able
to fully understand the k-type and d-type behaviour in the flow over riblets it is necessary to
correlate the data obtained numerically with data obtained using water tunnel experiments.

8 Conclusion

The application of the FEM to three dimensional roughened channel flow modelling, assum-
ing the flow is incompressible, has been investigated for both laminar and turbulent flows. The
developed application enabled us to investigate the influence of roughness elements on the flow
character. The numerical simulations were able to reproduce the vortical structures associated
with the so called k and d -type behaviour and confirmed its influence on the pressure and fric-
tion coefficients observed in laboratory experiments. Using our developed application we were
able to extend the k and d -type classification to roughness arranged in a streamwise direction.
Similarities with transverse roughness in terms of vortical structures was observed, particularly
for d-type roughness where stable vortices are formed between the roughness elements. This
was not a full classification, however, it was sufficient to study the drag properties associated
with k and d -type behaviour.

Overall, our results confirm that k-type roughness produces adverse pressure gradients with
unstable vortical structures which leads to increase in drag. On the other hand, d-type roughness
is more likely to reduce drag. This can be attributed to the formation of stable vortical structures
between the roughness elements, producing favourable pressure gradients.
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